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We perform linear stability analysis of solvent density modes in the presence of nonpolar solute-solvent
interaction in a nonpolar solvent. The dominant instability given by the maximum positive eigenvalue of the
stability matrix provides the time scale of the solvent rearrangement around a solute. Our theory predicts two
long time scales for both in normal nonpolar and supercritical fluids. We discuss the existing experimental
results on nonpolar solvation dynamics in light of our prediction.

I. Introduction

The distribution of solvent molecules around a solute is of
fundamental importance in chemical sciences, for it governs
the rate of reactions in solution phase. The molecular processes
underlying the rate-determining factors can be probed by the
solvation time1-7 that measures the time scale of solvent
response to an excitation of a dissolved solute. Experimental,
theoretical, and simulation techniques have been extensively
used to understand the solvation time in solvents of different
polarity as well as diverse thermodynamic conditions. The time-
dependent response of a solvent is usually expressed in terms
of the solvent response function,S(t) ) [∆E(t) - ∆E(∞)]/[∆E(0)
- ∆E(∞)], where∆E(t) is the time-dependent solvation energy
gap with respect to the ground state of the solute.2-6 Consider
a solute in equilibrium with a bath of solvent particles. Let the
interaction between the solute (u) atR and a solvent (v) atr in
the ground state of the solute beVuv

gs(r - R). Also, assume that
the solute-solvent interaction becomesVuv

ex(r - R) upon
solute excitation that leads to solvent rearrangement before a
new equilibrium state is established. Here,∆E(t) ) ∫dr [Vuv

ex(r
- R)F(r ,t) - Vuv

gs(r - R)Fgs(r )], where F(r ,t) is the time-
dependent solvent density around the solute, andFgs(r ) is that
in equilibrium with the solute in its ground state. The timet )
0 refers to that immediately after the solute excitation.

Since the nonpolar interactions largely govern the long-time
dynamics of solvent, it is inherently interesting to study the
nonpolar solvation dynamics. Nonpolar solvation dynamics
involves changes in the shape and/or size of the solute upon
photoexcitation.8-9 Experiments on solvation dynamics of a
dipolar solute in non-dipolar solvents report a very fast inertial
and a couple of longer diffusive time scales.4 The theories of
solvation dynamics are based on the linear response of coupled
density and momentum fields,2-3 whereS(t) is expressed as a
time-correlation function of∆E(t), averaged over an equilibrium
ensemble. In such theories,1-3 the nonpolar solvation dynamics
is determined by the relaxation of the solvent dynamic structure
factor, which explains the bimodal decay ofS(t) with time scales
comparable to the inertial time scale and the smaller of the two
long-time components observed in experiments.4

Here we present a theoretical approach that can account for
both of the long-time components observed in experimental
studies of nonpolar solvation dynamics. Our approach is based
on the highly nonlinear hydrodynamic equation (NHE) govern-
ing the time dependence ofF(r ,t).6 The present theoretical
framework avoids the nontrivial task of solving the full nonlinear
equation but can yield qualitative understanding of both the
solvation time scale and the length scale of the inhomogeneity
in solvent distribution. We perform linear stability analysis10

of the NHE governingF(r ,t). The density mode associated with
the maximum positive frequency provides the time scale of
solvent rearrangement around the solute, and the inverse of the
corresponding wave vector gives the length scale of inhomo-
geneity of the solvent distribution.

The flow of the paper is as follows: We discuss the
theoretical framework in section II. We apply our analysis to
incompressible fluids in section III and to compressible fluids
in section IV. We conclude the paper in section V.

II. Theory

The continuity equation forF(r ,t) is given by11 ∂tF(r ,t) + ∇‚
j ) 0, wherej is the solvent particle current density. Here we
consider the overdamped limit in order to capture the diffusive
dynamics. In the overdamped limit,j ) -DF(r ,t)∇(âµ), where
â is the inverse of the Boltzmann constant times the absolute
temperature (kBT). D is the Stokes’ diffusion coefficient () kBT/
3πησ ≈ 10-4 cm2 s-1 at room temperature) of a solvent
molecule with diameterσ in a medium of viscosityη, µ is the
chemical potential, andâµ ) δâF[F(r ,t)]/δF(r ,t), with âF[F-
(r ,t)] being the free energy cost of creating nonequilibrium
solvent density inhomogeneity over the ground-state equilibrium
solvent distribution. In equilibrium of the bulk solvent, the free
energy cost for creating density inhomogeneityF(r ) over a
uniform state of densityF0 is given by the density functional
free energy,11 âFeq[F(r )] ) ∫drF(r )[ln{(F(r )/F0)} - 1] - (1/2)
∫drdr ′c(r - r ′)[F(r ) - F0][F(r ′) - F0]. âFeq[F(r )] is truncated
to the second order in the correlation, given byc(r - r ′), the
static correlation of the bulk solvent, assuming the change in
density,F(r ) - F0 , F0. The bulk phase diagram is obtained
by minimizing âFeq[F(r )] with respect to F(r ) using the
appropriatec(r - r ′) as input. Here we modelâF[F(r ,t)] as a
generalization ofâFeq[F(r )] to nonequilibrium density fluctua-
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tions, as in the dynamical density functional theory (DFT)12-15

âF[F(r ,t)] ) ∫drF(r ,t) × [ln(F(r ,t)/Fgs(r)) - 1] - (1/2)∫drdr ′c(r
- r ′)[F(r ,t) - Fgs(r )] × [F(r ′,t) - Fgs(r ′)] + â ∫drVuv

ex(r - R)-
[F(r ,t) - Fgs(r )], with c(r - r ′) being the same as in the static
case.16 The nonequilibrium density fluctuations are measured
with respect to solvent distribution in the ground state. We
introduce the ground-state inhomogeneity,δFgs(r ) and the
nonequilibrium density fluctuationsδF(r ,t) as follows: Fgs(r )
) F0 + δFgs(r ) andF(r ,t) ) Fgs(r ) + δF(r ,t). We calculatej to
linear order inδF(r ,t) by expandingâF[F(r ,t)] to quadratic order
in δF(r ,t). Let bothVuv

gs(r - R) andVuv
ex(r - R) have the same

spatial symmetry as that of the bulk solvent, so that a unique
wave vectorq specifies the modes for bothδFgs(r ) andδF(r ,t):
δFgs(r ) ) ∑qFgs(q) exp[iq‚r ] andδF(r ,t) ) ∑q,ωF(q,ω) exp[iqr
+ ωt], with ω being the frequency. The linearized hydrodynamic
equation can be written asωσ2D-1F(q,ω) ) Ωq,QF(Q,ω), where
the stability matrix,Ωq,Q ) -q2[1 - F0c(q) - Fgs(q)c(q)]δ[q
- Q] - ∑ Qq‚[q - Q]Vuv

ex(q - Q). Within the equilibrium
DFT,17 the linearized modeFgs(q) ) Vuv

gs(q)S(q), where the
solvent static structure factorS(q) ) [1 - F0c(q)]-1. Here the
second term describes the following scattering process: A
solvent density mode withq is scattered to that withQ at an
angleø, shown in Scheme 1, with an amplitude proportional to
Vuv

ex(p), wherep ) q - Q. The positive eigenvalues ofΩq,Q

indicate the growing modes, the maximum positive being the
dominant one.

We apply the present theory to solvation in a nonpolar
isotropic solvent wherec(q) ) c(q), whereq ) |q|. For nonpolar
solute-solvent interactions,Fgs(q) and F(q,ω) depend onq.
Vuv

gs(|r - R|) ) VLJ(|r - R|) ) 4ε[(σ/|r - R|)12 - (σ/|r -
R|)6], with ε being the ground-state solute-solvent interaction
strength. We further takeâVuv

ex(|r - R|) ) UVLJ(|r - R|),
where U ) fâ, with f being the ratio of the solute-solvent
interaction in the excited state to that in the ground state. The
unit length in our calculations,σ ) 4A0, and the time unit,τD

) σ2/6D ≈ 4 ps. We take the solute fixed atR ) 0. The upper
panel of Figure 1 shows that the scattering amplitude,-U-1

Vuv
ex(p*), as a function ofp* ) pσ, has a peak aroundp* ) 0,

with half width at the half-maximum,δp* ∼1. Vuv
gs(q*) shows

similar dependence onq*. The peak atp* ) 0 indicates that
the solute-solvent interaction contributes a maximum for the
low momentum transfer processes. Further, because of isotropy,
the scattering amplitude depends onq* and Q*. For instance,
for scatteringQ* ) q*, the scattered mode has wave vectorq*
but rotated byø with respect to the incidentq* so thatp* )
2q* sin(ø/2). For lowp*, Vuv

ex(p*) is expanded asVuv
ex(p*) ) V0

- p*2V2, whereV0 ) 4π ∫drr2Vuv
ex(r) andV2 ) 4π ∫drr4Vuv

ex(r).
This scattering term, after integrating overø, contributes to the
diagonal term. The off-diagonal terms are given by the scattering
for q* * Q*.

III. Incompressible Fluids

Let us first consider an incompressible high-density liquid
for which S(q*) possesses a strong peak11 at q* ) q0 ) 2π.
About the peak,S(q*) is parametrized as [Smax + C(q*2 - q0

2)2].
Smax is the peak value, andC is the inverse of the peak width.
The solvent static structure factorS(q*) at a representative
solvent density (Fr ) 1.5, Tr() T/Tc) ) 1.06) is shown in the
middle panel of Figure 1. Since the solvent structure is largely
governed by theS(q*) peak, we consider the modes withq* ∼
q0. Further, we restrict to smallp* by integratingø up toø0 )
δp*/2π , 1 to capture the dominant scattering contribution.
The resulting frequency (diagonal element) in scaled units is
given by ωl(q*) ) -q*2[1/S(q*) - (S(q*) - 1)Vuv

gs(q*)] -
x(8π) [q*2V0ø0

4/8 - q*4V2ø0
6/24], shown in the lower panel

of Figure 1. A density mode withq* is unstable, namely, it
will grow with a time scale of [ωl(q*)] -1, if ωl(q*) > 0. On the
other hand, the modes, havingωl(q*) < 0, will decay with time.
ωl(q*) has a maximum positive value,ω*, at a nontrivialqmax,
indicating the dominant instability with timeτ* ) 1/ω* and
inhomogeneity in the length scale of solvent distribution∼2π/
qmax. We find thatτ* ≈ 0.7 andqmax ≈ 5.5 for U ) 4 (f ) 3
and âε ) 1/3), close to the experimental solute-solvent
interaction strength.18 The termqmax corresponds to a length
scale∼σ. Hence,τ ) τ* τD (∼3 ps) is the solvent rearrangement
time in the first solvation shell and is comparable to experi-
mental nonpolar solvation time.4 Hence, we identifyτ as the
solvation time scale.

SCHEME 1: Scattering Geometrya

a ø is the angle between the incoming wave vectorq and the outgoing
wave vectorQ. The black box indicates the scattering potential.

Figure 1. Upper panel: The Fourier transform of the solute-solvent
interaction termVuv

ex(p*)/U as a function of wave vectorp* (scaled by
the solvent diameterσ). Middle panel: Solvent static structure factor,
S(q*) as a function ofq* at Fr ) 1.5 andTr ) 1.06.Smax at the ordering
wave vectorq0 and the widthC-1 have been indicated. Lower panel:
Frequencyωl(q*) as a function of wave vectorq*. The following
parameters have been used for the calculation ofωl(q*): Smax ) 2 and
C ) 10. Note that the modes are damped forq* > 6.0. The maximum
positive frequencyω* and its locationqmax have been indicated.
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IV. Compressible Fluids

Next we consider solvation in a compressible Lennard-Jones
(LJ) solvent with interactionâVLJ(r) between two solvent
molecules separated byr. LJ systems have a gas-liquid critical
point11 due to the long-range attraction, given byTc ) 1.32
andFc) 0.39, obtained from the divergence of the compress-
ibility B-1 in the empirical Peng-Robinson equation of state
(PREOS).19 The estimated critical point is in good agreement
with the simulations on LJ systems.20 The density dependence
of Smax at two different temperatures (Tr ) 1.06 and 3.0) is
presented in the upper panel of Figure 2. The density-dependent
inverse width (C) and inverse compressibility (B) are respec-
tively shown in the middle and lower panels of Figure 2. These
density-dependent quantities are also determined at two different
temperatures,Tr ) 1.06 (circles) and 3.0 (squares). The lower
panel of Figure 2 further shows that the inverse compressibility
from the PREOS compares well withB [∝ 1/S(q* ) 0)],
obtained fromc(q*) using Percus-Yevick (PY) closure for the
short-range repulsion and the mean field (MF) approximation
for the long-range attraction.11 Note that such a construction of
c(q*) using the PY and MF approximations are known to be
valid for near-critical fluids as well.21 Further, the estimation
of the critical temperature and density within the MF treatment
is close to those obtained from the PREOS. Hence, we use the
MF treatment forc(q*) to understand nonpolar solvation and
compare our results with experimental systems. Note thatTr )
1.06 corresponds to a temperature slightly above theTc, which
falls in the domain of supercritical fluid (SCF).22-23 For a given
Tr, D is scaled asD̃ ) DTr and U ) (ε/kBTc)(f/Tr). We

incorporate modes with both small (q* ∼ 0) and finite (q* ∼
q0) wave vectors to include the effects of compressibility and
finite wave-vector solvent correlations, respectively. The di-
agonal element corresponding toq* ∼ 0 is given as follows:
ωg(q*) ) - q*2[B - (B-1 - 1)Vuv

gs(q*) - 2 x2π V0] + (64/
x18π)q*4V2. This has been obtained by expandingVuv

gs(q*) in
the lowq* and considering a weakq* dependence ofS(q*) in
this regime ofq* (see middle panel of Figure 1). The diagonal
element forq* ∼ q0 is ωl(q*), whose expression has already
been given in section III. The off-diagonal term24 is (q*q0

Vuv
ex(q0))/4π2.
We consider two temperatures (Tr ) 1.06 and 3.0) for

compressible fluids. First we illustrate the scenario atTr ) 3.
The upper panel of Figure 3 shows different instabilities
encountered in theU versusFr plane. The line joining the squares
shows the instability diagram atTr ) 3. Below a criticalFr (Fr

c,
squares), the small wave-vector modes become unstable, while
the finite wave-vector modes are damped. However, forFr >
Fr

c, both the small and finite wave-vector modes are unstable
with a slow (τ*0) and a fast (τ*1) time scale, respectively. The
density dependence of these time scales is depicted in the first
middle panel of Figure 3 (line joining squares and long-dashed
line, respectively). The upper panel of this figure (Figure 3)
indicates thatFr

c decreases withU, implying that the solute-
solvent interaction facilitates the instability of the solvent density
modes. ForU ) 4, we find that Fr

c ≈ 1.3. The density
dependence of the compressibility mode (qmax , 1) and that of
the ordering wave-vector mode (qmax ≈ q0, for Fr > Fr

c) are

Figure 2. Upper panel: The density dependence of the peak value of
the solvent static structure factor (Smax) at Tr ) 1.06 (circles) and 3.0
(squares). Middle panel: The density dependence of the inverse width
(C) at Tr ) 1.06 (circles) and 3.0 (squares). All the joining lines are
guides to the eyes. Lower panel: The inverse compressibilityB for
different Fr at Tr ) 1.06 (circles) and 3.0 (squares). The joining solid
line denotes the MF treatment, and the dashed line represents the
PREOS (for further details, see text).

Figure 3. Upper panel: Instability diagram in theFr versusU plane:
The regions of instability with a single mode (q* ∼ 0) and double
modes (q* ∼ 0 andq* ∼ q0) are differentiated by the squares (Tr )
3.0) and the circles (Tr ) 1.06), respectively. The joining lines are guides
to the eyes. First middle panel:τ*0 (solid line joining squares forTr )
3.0 and dashed line joining circles forTr ) 1.06) andτ*1 (long-dashed
line for Tr ) 3.0 and short-dashed line forTr ) 1.06) as functions ofFr

for U ) 4. Second middle and lower panels: The solvent density
dependence ofqmax for the q* ∼ 0 mode and for theq* ∼ q0 mode,
respectively (solid lines joining circles forTr ) 1.06 and dashed line
joining squares forTr ) 3.0).
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shown in the second middle and lower panels of Figure 3 (lines
joining squares).

At Fr ) 2.0 andU ) 4, qmax ≈ 4.8, implying a length scale
of ∼1.3σ and an instability time scaleτ*1 of ∼2.5, shown by
the long-dashed line in the middle panel of Figure 3.τ*1 is
comparable toτ* for incompressible fluids, indicating that the
corresponding instability is driven by the finite wave-vector
solvent correlations.τ*0 (line joining squares) is not sensitive to
Fr for Fr < Fr

c (τ*0 ≈ 1 for U ) 4). τ*0 in this range can be
retrieved by considering theq ∼ 0 mode alone without any
off-diagonal coupling. This instability is thus governed by finite
compressibility, arising via the long-range attraction in the
solvent-solvent interaction. ForFr > Fr

c, τ*0 becomes slower
and differs appreciably fromτ*1. The growth of the first solvation
shell is enhanced by the increase in liquid correlations as density
increases. However, diffusion of the solvent particles becomes
slower as density increases, leading to the slowing down ofτ*0.
The emergence of the double mode is thus a manifestation of
an interplay between compressibility and finite wave-vector
solvent correlations. Recent experiments4 suggest that the
solvation dynamics of a dipolar probe in non-dipolar solvents
exhibits multiple time scales: a very short time scale (∼200
fs) due to solvent inertial effects and two relatively longer time
scales (2-4 ps and>10 ps). The fast inertial time scales cannot
be retrieved in overdamped dynamics, but the longer time scales
(τ0 ) τ*0 τD ≈ 10 ps andτ1 ) τ*1 τD ≈ 2.4 ps) agree well with
experiments.4

The interplay between the compressibility and the short-range
liquid structure is expected to be very strong for solvation in
SCF.22-23 The instability diagram atTr ) 1.06 has been shown
by the line joining the circles in the upper panel of Figure 3.
The first middle panel of Figure 3 (line joining circles and the
short-dashed line) shows the time scales. As in the high
temperature, there is a single mode (q* ∼ 0), dominated by the
compressibility effects for the lowFr, and an additional faster
mode (q* ∼ q0) appears for sufficiently largeFr (Fr > Fr

c ≈ 1.5
for U ) 4) as a result of strong liquid correlations. Because of
enhanced liquid correlations at low temperature,Fr

c(circles) for
a givenU, is smaller than that at high temperature.qmax for the
SCF is shown in the second middle panel and the lower panel
of Figure 3 (lines joining circles). The length scale for the
correlation-driven mode (qmax ≈ 5) is comparable to that in ref
25. Note thatτ*0 has a broad minimum forFr, whereB also shows
the minimum (lower panel of Figure 2).τ*1 scales roughly as
temperature as inD̃, implying thatτ*1 even in SCF is governed
by the short-range repulsion26 in âVLJ(r). However, the long-
range attraction inâVLJ(r) is crucial for observing two solvation
time constants at long times. AtFr ) 2.0,τ0 ≈ 60 ps andτ1 ≈
8 ps. The shorter time scale is in good agreement with
experiments in supercritical fluoroform usingtrans-4-(dimethy-
lamino)-4′-cyanostilbene (DCS) as the probe that reports a long-
time solvation time scale of∼10 ps in comparable density
ranges.27 However, the experiments using DCS do not report
any other longer time scale. On the other hand, experiments
using a longer lifetime probe such as C153 in the same fluid at
similar solvent conditions report solvation with a long time scale
of ∼50 ps, albeit without any faster long-time component.28

While DCS is a shorter lifetime probe, experiments with C153
employed techniques with a time resolution of∼25 ps. These
might be reasons for detecting single long time scales in the
above experiments.

It may be worthwhile to compare our results to the existing
simulation results.29-38 Although the molecular dynamics (MD)
simulations on nonpolar solvation dynamics extract the inertial

fast time scale and a fast diffusive time scale (∼1 ps), none of
them report the slow diffusive time scale (∼10 ps), found in
experiments and obtained in the present study. In the SCF, ref
6 reports a time scale of 10 ps using MD simulations, which is
comparable to the faster diffusive time scale obtained from our
analysis. These simulations do not find the slow diffusive mode.
Since our study indicates that this slow time scale is associated
with the compressibility effects, the simulations to extract such
a time scale may require a much larger system size.

V. Conclusion

In summary, we show that the dominant instability of the
solvent density modes provides a good qualitative picture of
the molecular processes underlying solvation dynamics. The
dominant instability describes the growth of solvent density
modes in response to the change in the solute-solvent interac-
tion. We extract two time constants at long times as observed
in the experiments on solvation dynamics in non-dipolar solvents
due to interplay between the compressibility and short-range
correlations of solvent. The present theory is based on the
following approximations: (i) the ground-state solvent inhom-
geneity is small; (ii) the correlations are truncated at the second
order; and (iii) only the specific modes with wave vectorsq*
∼ 0 andq* ∼ q0 have been retained in the stability analysis.
Approximation (i) is reasonable for weak solute-solvent
interaction in the ground state. Approximation (ii) is routinely
used in any density functional calculation because of lack of
knowledge on the higher order correlations.1-3 Approximation
(iii) has been used considering the solvent structure, having finite
compressibility and a finite wave-vector correlation peak atq*
∼ q0. It may be interesting to investigate the consequences of
relaxing some of these approximations. The full solvent response
function, S(t) cannot be extracted from the present linearized
treatment, because the calculation ofS(t) requires the amplitudes
of the density modes, which depend on the nonlinear terms as
well. However, the present theory is elegant to obtain qualitative
understanding of solvation time scales and easily adaptable to
complicated situations, such as multicomponent systems and
the case where solvent is driven out of equilibrium, to name
only a few.
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